
NONLINEAR INTERACTIONS OF 

AND HELICONS IN A PLASMA 

A.  S. K i n g s e p  

ION-SOUND WAVES 

The methods of per turbat ion theory  and stat is t ical  averaging over the phases of the osci l la-  
t ions were  used to obtain the kinetic wave equations which descr ibe  th ree -p lasmon  p roces se s  
involving the merging of two ion-sound waves into a helicon and the scat ter ing of ion-sound 
by p lasma par t ic les  with reradiat ion into a helicon. The rate of accumulation of whistles in 
a turbulent p lasma  due to such nonlinear p roces se s  is estimated. 

In a number  of papers  [1-3] dealing with turbulent heating of a plasma, data are  presented which are 
evidence of the fact that a p lasma is heated due to buildup of ion-sound instability. In [4] an attempt was 
made to detect ion-sound noise. 

The direct  observation of the la t ter  is very  difficult, and therefore  in [4] measurements  of whistles 
(helicons) which had been radiated due to nonlinear  p roces se s  with the part icipation of ion sound were  p e r -  
formed. 

The dispers ion equations for the mentioned branches  of the oscillations have the form 

% (k) = O)pl [i -[- (krDe)~] -'/' (0.!) 
~h (el) = qqzC~tOHe / (~ tOHe ~ ~ ~ tOHi, Oz [l Ho 

Here co, ~2 are  the frequencies  mad k, q are the wave vec tors  of the sound and the helicons, r espec-  
tively; the other notation is standard.  

F rom Eqs. (0.1) it follows in par t icu lar  that for  ion-sound and helicon frequencies which are  of an 
identical o rder  of magnitude the lat ter  have considerably longer wavelengths q << k; it is this which makes 
it possible to observe them distinct f rom ion-sound for which k ~ rDe-L The nonlinear t ransformat ion  of 
sound into whistles may occur  via  th ree -p lasmon  p r o c e s s e s  (Fig. l a  and b) and likewise via  scat ter ing of 
ion-sound by p lasma par t ic les  with reradiat ion into a helicon (Fig. lc). If the sound frequency is close to 
the ion p lasma  frequency, then the merging of two ion-sound plasmons into a helicon leads to the appearance 
of a nar row spec t rum of whist les having a frequency close to 2 Wpi in the p lasma (this is shown in Fig. 2a, 
where I(~) is the intensity of the whistles).  

The p roces s  shown in Fig. lb  is Cerenkov radiation of helicons by ion-sound plasmons and leads to 
the radiation of helicons having ve ry  long wavelengths; the frequency of these helicons does not exceed the 
width Aw of the spect rum of the ion-sound noise (Fig. 2b). And, finally, as a consequence of the nonlinear 
scat ter ing of waves by part icles,  helicons having ~_< w s will be radiated (as a result  of such scat ter ing the 
par t ic les  of the p lasma  must be heated, and consequently the waves may only "redden").  Thus, the p rocess  
shown in Fig. lc  yields the spec t rum of helicons depicted in Fig. 2c. 

The theory  of nonlinear interact ion of waves in a p lasma situated in a magnetic field has been devel- 
oped in a number  of papers  by var ious  authors [5-7]. However, for the specific calculations presented in 
those papers  general  formulas  are  inconvenient. It is expedient to derive the kinetic equations for  waves 
which descr ibe  the nonlinear t ransformat ion  of ion-sound into helicons using the specific dispersion 
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prope r t i e s  of both osci l lat ion modes f rom the v e r y  out- 
set. The methods of calculat ion which shall  be used have 
been expounded with exhaust ive comple teness  in [8]. 

1. T h r e e - P l a s m o n  P r o c e s s e s  w i t h  t h e  

R a d i a t i o n  o f  H e l i c o n s  

The energy  and momentum conservat ion laws 
allow both the merg ing  of two ion-sound p lasmons  into 
a helicon and Cerenkov radiat ion of helicons by ion- 
sound quanta. F r o m  the exper imenta l  point of view the 
f i r s t  of these  p r o c e s s e s  is  of specia l  in te res t ,  since for  
a na r row spec t rum of the ion-sound waves  (w ~ Wpi ) it, 

in turn,  yields  a c lea r ly  del ineated nar row line in the 
s p e c t r u m .  At the same  t ime  the p r o c e s s  of Cerenkov 
radiat ion leads to the buildup of helicons having v e r y  
long wavelengths ,  which makes  the i r  observat ion  diffi-  
cult. 

A s s u m e  that  in the p l a s m a  the re  is  a high level  of ion-sound noise  havil~g a f requency c lose  to the 
ion p l a s m a  frequency.  Since for  hel icons having a c lose  f requency ~2 (q) ~ w (k) the conditions q << k must  
hold, the merg ing  p r o c e s s  is poss ib le  only for  p lasmons  having oppositely d i rec ted  wave vec to r s .  

We shall  a s s u m e  that t h e r e  a re  such p la smons  in the spec t rum.  We shall  make  use  of the numb er  of 
wave s 

Nk = Wk / o)~ 

as the spec t r a l  cha r ac t e r i s t i c  of the noise;  he re  Wk is the spec t r a l  densi ty of the osci l la t ion energy.  Then 
the kinetic equation for  the wave  which co r re sponds  to the p r o c e s s  shown in Fig. l a  has the fo rm 

0Nh = ~ co (k, q) (Nk~Nq-~ -- N C N k '  -- NqhNq-~) (1.1) 
cOt 

k 

If the level  of whis t les  is  smal l  Wq<< W k, then the i r  intensi ty i n c r e a s e s  according  to a l inear  law: 

Ha '2 ~ 8n ~ w (k,q) Nk+Nq:~Qt (1.2) 
k 

It is  p r e c i s e l y  th is  case  which is  r ea l i zed  in the exper iment  desc r ibed  in [4]. In o rde r  to calculate  
the quantity w (k, q) we make use  of the  cor respondence  pr inciple  [8]; namely ,  we calculate  w (k, q) as the 
coefficient of the f i r s t  t e r m  in (2) on the assumpt ion  that  the  level  of the whis t les  is  fa i r ly  low. Then 

ON~ 1 / e  d- '  ~ (2) E ()) \ % 2 (1.3) 

Jq(~) -~ f dkJ~q(pk~q_~, k ~_ (k, o)) 

Eq(2) -~ ! dkE~qcp~q_~, q ~ (q,  ~) 
(1.4) 

where  ~k  is  the potential  of the ion-sound osci l la t ions  over  whose phases  averag ing  is c a r r i e d  out in (1.3). 
All o ther  combinat ions  of nonl inear  cu r r en t s  and f ields e i ther  a re  not included in the f i r s t  t e r m  of Eq. (1.1) 
o r  van ish  as  a r e su l t  of s ta t i s t i ca l  averaging  over  the i r  phases .  

The  init ial  s y s t e m  of equations is 

dv ~ ( e )  V f  
dt ' =  -~-  E + [ v ~ ]  net/'r*ct 

(1 .5)  
an~ -~ div (n~v ~) = 0 
at 
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�9 = H  o 

Solving Eq. (1.5), one may neglect  the ion p r e s s u r e  in the ion-sound oscil lat ions,  while for  e lec t rons  
one may place T = 1. As fa r  as the helicons are  concerned,  the t h e rm a l  co r rec t ions  for  them are  in general  
negligible. Fur ther ,  in the indicated f requency range the ion-sound may be considered unmagnetized (i.e., 
one may neglect  the co r rec t ions  associa ted with the magnetic field in the shortwave t e rms) .  

In the f i r s t  approximation in the amplitudes of the fields we obtain 

e ~ Te 
Vk~"(ne ---- (krD,)-~ ~ k%,  r D s  = 4~ne~ 

kl)~ e 

e k' (1.6) 
~r = n o  ~ -  -~- r (kr~) -~ 

~O.)t e k ~ ~,~ = n o ~  -~  %, M-----rn~ 

In the next  approximation in the amplitudes of the fields the sys tem (1.5) yields 

(1.7) 

(1.~) 

In (1.7), (1.8) we re ta in  only those t e r m s  having field combinations which a re  included in the f i r s t  
t e r m  of Eq. (1.1). 

F r o m  (1.6)-(1.8) we can obtain the requi red  nonlinear  cur ren t  : 

With all accuracy of up to t e rms  of o rder  ~0 / Wile , (krDe)-4 we have 

= = T ~- dk co (~ _ ~) (~k%-~ -- <~-~>) L Q - -  
i ] k + [  + i ]  kq k t (1.9) ~ j  - - - 9 - q - - 2  k, ~--o~ 

where  

Fur the r ,  the  nonl inear  cu r ren t s  and f ields a re  in t e r re l a t ed  by the equation 

(q~8~, -- qjq, -- ---~- ~j) E~].) = T j , ~  

It 80 ig 0 
8 t ~ =  - - i g  80 0 Oz~I-Io, 

0 0 8, [I 

1 8o = - 
~ __  o~H~ ~ ' -u 

(1.10) 

As a resu l t  of s imple a lgebraic  t r ans fo rmat ions  one can obtain 

E p  = A (q,  ~) #~) 
f rom (1.10). 

Here  the t en so r  hi j  has the following form with an accuracy  of up to t e r m s  ~~/WHe:  

. 4~g$ • ~ 

<Z.lZ) 

(1.z2) 
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The components  of the t e n s o r  Qij, where  i, j= 1, 2, 3, a re  de te rmined  by the following express ions :  

Q l t = q x  ~ + q z  2, Qx2=qxqu+iqqz,  Qzt = q = q u -  iqqz, Q22 = qv ~ + qz ~ 
qzi  = Qi3 = 0 

Substituting (1.12) into (1.3), (1.4) and ca r ry ing  out s ta t i s t ica l  averaging  over  the phases  of the waves ,  
we obtain 

8N~ 
Ot .. v 

Then, finally, going ove r  f r o m  F o u r i e r  components  in the space (k, w; q, ~2) to Four i e r  components  
with r e spec t  to  k and q, we obtain an equation of the type (2) a f t e r  s imple  t r ans fo rma t ions ,  where  the 
ma t r ix  e lement  has the fo rm 

O~i6~ 6 (Dq - -  CO k - -  ~q-k) q-~qz_~AAo A 
w (k, q) = ~- co (~ -- r noMc ~ 

i ) (t__. - - '  ~---1 kq k A=(.fl_o~., ~ k +  ~co, ~ j q - - 2 ~ - ' ~ - ~ _  o , Ao~.~=ReQt.~ 
(1.13) 

Equation (1.13) acqu i res  a v e r y  s imple  fo rm for  the case  of na r row ion-sound spec t r a  when ~2 ~ 2w 
2Wpi. In this  case  

(1.14) 

~(0~oi8 6 (Qq - -  (Ok - -  O)q'k) [- l ~ ~ 9 kq ~ 
w(k, q ) =  .q~q:, noMc' I T  q q_L -- "~"~'/ (k•177 + 4 ( - ~ )  ~(qz~k• (k•177 

(qHo) Ho q• ---- q Ho' k• ---- k -- (kH0) It 0 
Ho ~ 

Under the conditions of the exper iment  desc r ibed  in [4] (i.e.,  for a smal l  init ial  level  of whist les)  the 
growth of the intensi ty  of the whis t les  t akes  p lace  according to the following law on the ba s i s  of (1.2): 

WS 2 H ' N ~ o v i t  , WS=IdkWk (1.15) 

This  resu l t  coincides with the e s t ima te  made in [4] and is in good agreement  with exper imenta l  data. 
Under  these  conditions the radia t ion spec t rum cor re sponds  to Fig. 2a. 

2 .  T h e  S c a t t e r i n g  o f  I o n  S o u n d  b y  P a r t i c l e s  w i t h  R e r a d i a t i o n  i n t o  H e l i c o n s  

The  p r o c e s s  of ion-sound sca t t e r ing  by pa r t i c l e s  with re rad ia t ion  into whis t les  (the d iag ram shown in 
Fig. lc) may be desc r ibed  by the following kinet ic  equation: 

o n e  --_ Nq h ~ w (k, q) N~ 8 ~- 2TH (q) N h (2.1) 
Ot 

It is  easy  t o  see that  unlike Eq. (1.1) an equation of the type (2.1) has only exponential  solutions (i.e.,  
i f  pumpover  of ion sound into the helicons can actual ly occur  effect ively v ia  sca t t e r ing  of pa r t i c l e s ,  then an 
exponential ly rapid growth of the level  of the whis t les  must  be obse rved  exper imenta l ly) .  For  the p r o c e s s  
displayed in Fig. l c  the s t ruc tu re  of the pa r t i c l e  distr ibution function is essent ia l ;  the re fo re ,  ins tead of the 
s y s t e m  (1.5) it is  n e c e s s a r y  to solve the s y s t e m  of equations developed by A. A. Vlasov using per turba t ion  
theory .  In o rde r  to reduce  the excess ive ly  c u m b e r s o m e  calculat ions we shall  solve a model p rob lem:  non-  
l inear  in te rac t ions  of waves  belonging to two one-d imens ional  s p e c t r a  (i.e.,  we place  q [I k [] H0). This  allows 
us at the s ame  t i m e  to e l iminate  t h r e e - p l a s m o n  p r o c e s s e s  f rom considerat ion;  the probabi l i ty  of these  
p r o c e s s e s ,  as can eas i ly  be seen f r o m  (1.14), van ishes  in this  case .  Hencefor th  we shall  indicate the ex-  
tent  to  which the resu l t  may change when the t rans i t ion  is  made f r o m  one-d imens iona l  s p e c t r a  to t h r ee -  
d imensional  ones.  As the original  s y s t e m  of equations we shall  take the Maxwell equations and the kinetic 
equations 

Ot"- -~vV]~-~  - - ~  E - ~  I v ' H ]  --~-0, a = i , e  

In o rde r  to calculate  the probabi l i ty  w (k, q) which is incorpora ted  in Eq. (2.1) it is  n e c e s s a r y  to ob- 
ta in  the nonl inear  cu r ren t  
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j(s)= ~, ne~ f/(qa)~vdv 

which  is  p r o p o r t i o n a l  to  a combina t ion  of f ie lds of  the  type  ~ k ~ k ' E q .  

In the  f i r s t  app rox ima t ion  the  solut ion of  Eq. (2.2) is  

~ ~  e 

C = ( e x p  - -  2 ~ i  ( ~  - -  qv) 
t 

1~(,) - ( ~ k kO i : l o~ 
---- t. rn ] , , t o -  kv + is % '  e ~ O  

�9 [ e ~ Eqa/i Iav 1~(" = - i ~-j ~---= ~ 

i (~ -- qv) ~ l( exp -- i (~ -- qv) ~' a/e d(p' ~- C 1 Eq 
- -  exp co ,~ 0v 

t i e  t 0 (O l i  e J 

i )  } exp--i(fl--qv)~'0)lie O/'Ov dq/ 

(2.3) 

Using  s imple  t r a n s f o r m a t i o n s  (see,  fo r  example ,  [9]), the e x p r e s s i o n  for  a longwave e l e c t r o n i c  p e r -  
t u rba t ion  m a y  be r e p r e s e n t e d  in the  f o r m  of  a s e r i e s  whose  p r inc ipa l  t e r m  t akes  the fol lowing f o r m  with 
a l lowance  fo r  the  s m a l l n e s s  of  the  ra t io  2 /Wi le :  

fq(i)= 2 e ,~ H0 ~ v~ 2Te 

e 

A c o r r e c t i o n  of  the s a m e  o r d e r  of  magni tude  a p p e a r s  in the  nonun id imens iona l  s p e c t r u m .  H e r e  and 
f u r t h e r  on we  a s s u m e  tha t  the  unpe r t u rbe d  d i s t r ibu t ion  funct ions  f a  a r e  M a x w e l l i a n -  th is  al lows us to  
r e p r e s e n t  the r e s u l t s  in finite fo rm.  

Le t  us  w r i t e  out the equat ion of  the t h i r d  approx ima t ion  in the  ampl i tude  of the f ield for  longwave 
p e r t u r b a t i o n s :  

- -  i ( ~  - -  q v )  ]~ (a )  _ o)li~O]~(a) [ OqJ 
v k'  "~ \ 0 ~(~) 

= - ( •  E~k'  E~, + 7 • • ~ ' )  ~ ~ -~ '  (2 .5 )  \ m lo:J 
f e k e ~ ,  0 ,~(~) (E(q~k, _}_ v • (q -- k') • E(q~k,) - \ - ~ j ~  ~'~'~ ~ J~' , 

The  v e c t o r s  k '  and q - k '  in the  r igh t  s ide of  (2.5) s imu l t aneous ly  be long  to  the longwave (helicon) 
o r  sho r twave  ( ion-sound) r eg ions  of the  s p e c t r u m .  In ca lcu la t ing  the  t e r m  which  is p ropo r t i ona l  to the 
combina t ion  of  f ie lds  ~k~k ,  Eq,,  one should r e t a in  summat ion  only o v e r  the  shor twave  reg ion  in the r ight  
s ide of (2.5); all  o the r  t e r m s  containing such  a combina t ion  of  f ie lds van i sh  as  a r e s u l t  of  a v e r a g i n g  o v e r  the 
phases .  As  a resu l t ,  Eq. (2.5) is  subs tan t ia l ly  s impl i f ied:  

_ L 0 d ~(~) - (2.6) 

Thus ,  in the  second  approx ima t ion  it is  n e c e s s a r y  to ca lcu la te  only the longwave pe r tu rba t ions /~ (2 ) .  

The  r e su l t  of the ca lcu la t ions  has  the f o r m  

e '~ 2 i O/= / ~v 

l e (2 .7 )  
- -  a q ( p k _ q  to - -  kv  + i~ 

In Eq. (2.7) t e r m s  which  do not contain  the  r e q u i r e d  combina t ions  of f ields a r e  omit ted;  

It may  be shown that  the non l inea r  po ten t ia l  gOk(2) in the  one -d imens iona l  model  v a n i s h e s  in a c c o r d a n c e  
with the  r e s u l t s  of  the p r e c e d i n g  sec t ion  which w e r e  obtained in the h y d r o d y n a m i c  approx imat ion .  

Le t  us  f i r s t  obtain the k ine t ic  equat ions  fo r  the  w a v e s  which d e s c r i b e  s c a t t e r i n g  by ions .  h~ the  s e c -  
ond app rox ima t ion  we have 
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V~,q:  i~M] L(o__kv+i s ~o--;~--kv+is -~ 

(2.8) 

kO /Ov O/i / c~v 
o)--kv+is ~--qv J (2.9) 

F r o m  (2.6), (2.8), (2.9) one can eas i ly  obtain 

: -- -~- ~a~aq ~ vq_~. q,~k(~q-~-q, 

Henceforth in averaging over  the phases  of the ion-sound oscil lat ions the integration with respec t  to 
dq' is  removed  because  of the 6-funct ion 5 (q -q ' )  5 (~-~2').  We shall assume that this operation has been 
pe r fo rmed .  For  the nonl inear  cur ren t  j(~) we obtain the following express ion:  

i 4v~ae (_.~_)z I ~P.  k0/0v (Eqv) / ~ { kv t kqVT~ ~ }  
j(qs)i ne/~3)Lcdv= dk[cp ~ ~ a v v , f ~ _ q  v o) -- fl -- kv -- is ( o - -kv - - i s  + 2 (~--qv) ~ ~ q-~ ' 

T~ 
(2.10) 

2T~ 
YTi = M '  

We substitute Eq. (2.6) into the equation 

OW / Ot = j(8)E 

and p e r f o r m  averaging over  the phases  of the longwave oscil lat ions.  Going over  to the Four i e r  components 
with respec t  to k , q, we obtain 

owq 
at j l  

where  

. -  ( -- i ~ ( e / S ~ dv kq (E~v) (Eq+v) (kv) if kqVT:L$ (Eqv) (Eq+v)/i (2.11) 
(~)~q ~ VT~4 \ M ] ~ (~  - -  qv) ~ (o  - -  ~ ~ k v  . -  18) (co - -  k v  - -  is) -~  2 (~ - -  ~ - -  k v  - -  ie) (~  - -  qv) ~ 

/ 
(o) - ~ - kv - is) (~ - qv) ] (2.12) 

Only the rea l  par t  of ~kq and consequently the imaginary par t  of the integrals  included therein  are  
essent ia l  for  the evolution of the spectrum. However,  the imaginary contribution f rom the bypassing of poles 
of the type (c0 - k v ) - l ,  (~2 - q V ) - I  is  exponentially small .  This  allows simplif icat ion of the express ion  for 

~kq: 

The in tegra l  which is included in this equation can be reduced to  Cramp functions and acquires  an 
especia l ly  simple fo rm for  a small  f requency difference 

0)--f$ 
�9 kVTi ~ I 

As a resul t  we obtain an equation of the type (2.1): 

aNq 
a t  = 2~'Bi (q) Nq 

2 u  _ cdkNkc% k ( O)~i ~3 __ 
(2.13) 
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Calculat ions a r e  c a r r i e d  out analogously when sca t t e r ing  by e lec t rons  is  considered.  We shall  not 
p re sen t  these  calcula t ions  in view of the i r  st i l l  more  c u m b e r s o m e  na ture ,  but we shall  p r e sen t  the resu l t  
immedia te ly :  the e s t ima te  fo r  a nonl inear  growth ra te  7 (e) (q) desc r ib ing  sca t t e r ing  with re rad ia t ion  v ia  
e l ec t rons  is  

Thus,  

T~(r (q) ~ 2 V~op~ ~ dkNk~ ( ~ ~3 ( ~_~2 k (2.14) 

e 

i .e . ,  under  typica l  expe r imen ta l  conditions (in pa r t i cu la r ,  in the exper iment  desc r ibed  in [4] also) sca t t e r ing  
by ions in t roduces  a m o r e  substant ia l  contribution to the evolution of the spec t rum.  

All  of the calculat ions c a r r i e d  out in the p re sen t  sect ion w e r e  c a r r i e d  out within the f r a m e w o r k  of the 
one-d imens iona l  model kll qll H 0. In t h r ee -d imens iona l  spec t r a  7H[i)may-- v a r y  by an amount of the s ame  
o rde r .  

As f a r  as the quantity ~ )  is  concerned,  it follows that  in solving Eq. (2.6) in the non-one-d imens iona l  

s p e c t r u m  the r e su l t s  may  be l a r g e r  by a f ac to r  of WHe/~2. The ra t io  7 (e ) /7  (i) r ema ins  smal l  in this  case  
also.  

In [4] the in tegra l  densi ty  of ion-sound noise,  as m e a s u r e d  f rom the intensi ty  of the radia t ion of 
hel icons due to t h r e e - p l a s m o n  p r o c e s s e s ,  tu rned  out to be of the o rde r  of 10 -2 e r g / c m  3. Fo r  the p l a s m a  
p a r a m e t e r s  n ~ 1013 cm -3, T e ~ 100 eV one may calcula te  

~H (1) ~ ~%i' 10-6 

f r o m  (2.13). 

F o r  a r ecord ing  t i m e  T ~ 0.1 ~ sec we obtain 7 (i) T < 10-2; i .e. ,  the helicons radia ted  due to sca t t e r ing  
ii 

of ion sound by p a r t i c l e s  cannot be recorded .  In fact ,  no exponential  growth of the energy  densi ty of the 
hel icons was  obse rved  in the exper imen t  descr ibed  in [4]. At the s ame  t ime  a c l ea r ly  defined intensi ty  peak  
of the longwave noise  was  r eco rded  for  ~2 ~ 2 Wpi, the energy  densi ty  being of an o rder  of magnitude c o r r e -  
sponding to E q. (1.15). 

The  author  thanks  L. I. Rudakov for  superv is ing  the work.  
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